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The signal transfer from nerve to muscle occurs by diffusion across the neuromuscular junction. The
continuum level analysis of diffusion processes is based on the diffusion equation, which in one dimension is
�c /�t=D��2c /�x2�, where c is the molecular concentration and D is the diffusivity. However, in confined
systems such as the neuromuscular junction, the diffusion equation may not be valid, and even if valid the
value of D may be altered by the confinement. In this paper, Monte Carlo simulations are used to probe
diffusion at the molecular level in a realistic model of a neuromuscular junction. The results show that
diffusion is anomalous �i.e., not described by the diffusion equation� for time scales less than �0.01 s, which
is the time scale relevant for signaling processes in the synapse. At longer time scales, the diffusion is normal
�i.e., described by the diffusion equation�, but with a value of D that is reduced by a factor of �5 times
compared to the value for diffusion in open space. As the width of the synaptic cleft decreases, these effects
become even more pronounced. The physical basis of these results is described in terms of the structure of the
neuromuscular junction.
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I. INTRODUCTION

The diffusion of molecules in confined spaces plays im-
portant roles in many biological processes. As examples, the
signaling for muscle action from a nerve is mediated by the
diffusion of acetylcholine from a nerve cell to a muscle cell
across the neuromuscular junction, and drug delivery in the
brain occurs by diffusion in the brain extracellular space.
Both the neuromuscular junction and the brain extracellular
space are characterized by channels with widths of less than
50 nm, and contorted and branching paths.

It is well known that these confining environments reduce
the effective diffusivity of a molecule in comparison to its
diffusivity in open space �1–3�. These effects are of interest
because diseases can alter the size and geometry of the con-
fining environments, and the resulting change in diffusivity
may underlie disease symptoms �4–8�. For example, a recent
study suggests that Alzheimer’s disease may be related to
changes in diffusivity in the extracellular space of the brain
�9�. This reduction in diffusivity is often characterized by the
effective tortuosity �= �D0 /D�1/2, where D0 is the diffusivity
in open space and D is the diffusivity in the confining envi-
ronment; in the brain extracellular space, experiments show
that ��1.6–2.1 �1,3�. The decrease in diffusivity can come
about in a number of ways: Contorted paths make molecules
travel roundabout routes to get to a destination �10�, dead-
end spaces effectively trap molecules to delay their net
movement �11–13�, and interactions with the walls of the
confining environment or extracellular macromolecules slow
the movement of the molecules �14–16�.

Analysis of diffusion at the continuum level usually pro-
ceeds via the diffusion equation, which in one dimension is

�c�x,t�
�t

= D
�2c�x,t�

�x2 , �1�

where c�x , t� is the concentration as a function of position x
and time t. For example, the solutions of this equation are
used to extract values of the diffusivity from experiments of

diffusion in the brain extracellular space �1,3�. Also, this
equation is used in modeling studies of the neuromuscular
junction �17–19�.

However, the diffusion equation is not universally valid
�20–22�. The validity of the diffusion equation can be as-
sessed by checking the validity of one of its solutions: For
molecules released from a point source at time t=0, the
mean-squared displacement of the molecules, �x2�, grows
with time as

�x2� = 2Dt . �2�

When this relation does not hold, the diffusion equation is
not valid and “anomalous” diffusion occurs. The nature of
the anomalous diffusion is characterized either by the scaling
exponent �,

�x2� = 2Dt�, �3�

or by an apparent diffusivity that changes with the time scale
of the observation,

Dapp�t� = �x2�/�2t� . �4�

The origins of anomalous diffusion can be understood in
terms of a random walk that proceeds by steps of variable
size separated by waiting times of variable duration. If the
average step size L and average waiting time between steps �
are well defined, then diffusion is normal with D=L2 / �2��.
However, � is not well defined and diffusion is anomalous
with ��1 if the distribution of waiting times is broader than
the observation time. If the waiting time distribution is finite
�or decays sufficiently fast�, then the anomalous diffusion is
transient and normal diffusion occurs at long times; however,
if the waiting time distribution is scale-free �e.g., a power-
law distribution�, then the diffusion is anomalous on all time
scales. Experimental evidence for anomalous molecular dif-
fusion has been found in systems similar to that investigated
here: e.g., packed erythrocyte systems that serve as models
for the brain extracellular space �23�, and the dendrites of
Purkinje cells �24�.
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The present investigation uses Monte Carlo simulations to
determine how diffusion in the neuromuscular junction is
affected by the confining environment. In particular, the ef-
fects of the confining environment on the effective tortuosity
and the validity of the diffusion equation are studied. The
simulations are carried out with a realistic model of a neuro-
muscular junction developed previously by Stiles et al. �25�;
this approach thus differs from previous simulations of dif-
fusion in extracellular spaces that addressed simplified
ad hoc geometries �10,12,13,24,26�.

II. COMPUTATIONAL METHODS

Molecular diffusion is analyzed in a realistic model of a
neuromuscular junction, shown in Fig. 1. This model was
derived by Stiles et al. from transmission electron micros-
copy images of a rat neuromuscular junction �25,27�. The

width of the synaptic cleft that separates the nerve and
muscle membranes varies in the range 0.015–0.050 �m �be-
cause the membranes are not flat�. The junctional folds of the
muscle membrane are oriented parallel to the y dimension,
and have depths of �0.8 �m and widths of �0.1 �m. The
overall size of the model is �2.7 �m in the x dimension, and
�2 �m in the y dimension.

The MCell program �28,29� �version 3� is used to carry out
Monte Carlo simulations of the dynamic trajectories of probe
molecules. The simulation treats molecules as distinct par-
ticles, with each molecule i characterized by its position at
time t: xi�t�, yi�t�, zi�t�. The molecular trajectory proceeds in
discrete time steps �t. At each step, each molecule i is dis-
placed by the amounts �xi ,�yi ,�zi, where these values are
chosen randomly from a Gaussian distribution with variance
2D0�t; with this procedure the molecules undergo diffusive
motion in open space described by the diffusivity D0. When
these displacements bring a molecule into contact with a
membrane, the molecule is reflected from the membrane.

Due to the small size of the model �2–3 �m in the lateral
dimensions�, molecules would exit the system after short
times ��0.5 ms�, which precludes analysis of diffusion on
experimentally relevant time scales. To circumvent this prob-
lem, periodic boundary conditions are implemented in the
lateral dimensions; this procedure is standardly used in mo-
lecular simulations, to avoid surface effects �30�. As shown
schematically in Fig. 2�a�, the unit that is repeated periodi-
cally consists of four “primitive cells” �a primitive cell is the
model in Fig. 1�, with orientations such that adjacent cells
are mirror images of each other �for reasons explained be-
low�.

While the MCell program does not include an option for
periodic boundary conditions, the effects of periodic bound-
ary conditions can nevertheless be implemented with the fol-
lowing method. This method allows the dynamics through
the extended periodic system �Fig. 2�a�� to be addressed by
explicitly modeling only the dynamics in a single primitive
cell �the shaded cell in Fig. 2�a�, denoted the “home cell”�.
To implement this method, solid �reflecting� walls are in-
cluded near the lateral edges of the system, as shown in Fig.
1�c�. When a molecule hits one of these walls, it is reflected
back into the home cell, but its identity changes in a way that
signifies that the molecule would have proceeded to the next
primitive cell if the wall were not there. This procedure is
shown in Fig. 2�b�: When a molecule in the home cell, A�0�,
collides with the wall at +x its identity changes to A�+1�,
because it would have moved to the first primitive cell to the
right of the home cell if the wall were not present. The
A�+1� molecule changes back to an A�0� molecule if it hits
the +x wall, but changes to an A�+2� molecule if it hits the
−x wall. Similarly, the A�+2� molecule changes back to an
A�+1� molecule if it hits the −x wall, but changes to an
A�+3� molecule if it hits the +x wall. This trajectory shown
in Fig. 2�b� thus mimics the green-line �right-pointing� tra-
jectory in the extended periodic system of Fig. 2�a�; the in-
dex n in the notation A�n� represents the number of primitive
cells the molecule has traversed. For a molecule moving in
the opposite direction, the trajectory shown in Fig. 2�c� simi-
larly mimics the red-line �left-pointing� trajectory in Fig.
2�a�. From the position of a molecule in the home cell and its

a

b

c

FIG. 1. �Color online� The neuromuscular junction model of
Stiles et al. �25�. The upper �red� surface is the nerve membrane,
and the lower �blue/violet� surface is the muscle membrane. �a�
View from the side; spheres mark the molecule release sites, which
are near the nerve membrane and within a junctional fold. �b� Same
as �a�, but with the nerve membrane removed for clarity. �c� View
from above the nerve membrane, also showing the four walls added
as part of the procedure to include periodic boundary conditions
�see the text�. These images were created with DREAMM version 3
�28,29�.
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index n, the position of the molecule in the extended periodic
system �Fig. 2�a�� can be determined. The changes of iden-
tity of the molecules when they hit walls are incorporated in
MCell as chemical reactions �with large rate constants�, as
listed in Table I.

The structural anisotropy of the neuromuscular junction
causes diffusion to be anisotropic, with the diffusivity being
different along the three dimensions. Since the x dimension
exhibits the interesting structural features that impact diffu-
sion, the focus of this study is specifically the dynamics
along this dimension, characterized by the mean-squared dis-
placements obtained as

�x2� =
1

N
�
i=1

N

�xi�t� − xi�0��2. �5�

The values of xi�t� are obtained from the positions of the
particles within the home cell at time t �which are extracted
from data files created by MCell�, and the identity of the par-
ticles �which determines the primitive cell that the particle
would be in, with the periodic boundary conditions�. While
in principle periodic boundary conditions are used in the x
and y dimensions, in practice the periodicity in the y dimen-
sion is ignored here because the diffusive behavior in this
direction is not addressed.

The trajectories are determined for N=10 000 molecules
with D0=0.6 �m2 /ms, the value for acetylcholine �31�. A
simulation time step of �t=1.67�10−4 ms is used in most
simulations; to test the effect of the magnitude of the time
step, a simulation is also run with �t=1.67�10−5 ms. All
molecules are released from a single location, which is either
near the nerve membrane or within a junctional fold �see Fig.
1�a��. The simulations are carried out for up to 20 million
Monte Carlo steps �times over 3 s�. All simulations are run
on an Intel Core2 computer �2.66 GHz�, for which 200 000
Monte Carlo steps take approximately one hour in real time.

III. RESULTS

A. Molecule release site near nerve membrane

Molecule release near the nerve membrane mimics the
physiological process in which acetylcholine molecules are
released from vesicles at the surface of the nerve membrane.
A snapshot of the system at time t=33 ms is shown in Fig. 3;
the different colors represent molecules that would be in dif-
ferent primitive cells of the extended periodic system �see
Fig. 2�a��.

The results for �x2� as a function of time are shown in Fig.
4�a�. The log-log plot emphasizes the scaling of �x2� and t:
For normal diffusion, where �x2�=2Dt, the data appear linear
on the log-log plot with a slope of 1 and a y intercept �at t
= tx� of 2Dtx. Three time scale regimes are evident in Fig.
4�a�:
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FIG. 2. �Color online� Periodic boundary implementation. �a�
Extended system with periodic images. Each rectangle represents a
“primitive cell” corresponding to the neuromuscular junction model
of Stiles et al. �25�. The symbol inside each rectangle describes the
orientation of the primitive cell. The periodically repeating unit is
outlined, and consists of four primitive cells. Diffusion throughout
this extended system is analyzed, even though molecules are explic-
itly modeled only in the “home cell,” shown as shaded. �b� Trajec-
tory in the home cell corresponding to a molecule moving in the
positive x direction in the extended periodic system �green �right-
pointing� line in part �a��. Note that the identity of the molecule
changes each time it reflects from a wall, with the index n, in
notation A�n�, describing the number of primitive cells moved
through in the extended periodic system. �c� Trajectory in the home
cell corresponding to a molecule moving in the negative x direction
in the extended periodic system �red �left-pointing� line in part �a��.

TABLE I. “Chemical reactions” included in the MCell simulation in order to implement periodic boundary
conditions �see Fig. 2 and the text for more details�.

At wall W− At wall W+

Forward Reverse Forward Reverse

A�0�@W−→A�−1� A�−1�@W−→A�0� A�0�@W+→A�+1� A�+1�@W+→A�0�
A�+1�@W−→A�+2� A�+2�@W−→A�+1� A�−1�@W+→A�−2� A�−2�@W+→A�−1�
A�−2�@W−→A�−3� A�−3�@W−→A�−2� A�+2�@W+→A�+3� A�+3�@W+→A�+2�
. . . . . . . . . . . .
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�i� At short times �t� �0.05 ms�, the simulation results
follow a line with a slope of 1 and y intercept corresponding
to D0. Thus the molecules undergo normal diffusion with
their characteristic diffusivity D0=0.6 �m2 /ms, as they
would in the absence of any confining environment. This
occurs because the nerve membrane is relatively flat and thus
does not affect diffusion �along the x dimension�, and the
molecules have not yet approached the junctional folds of the
muscle membrane. At times of �0.05 ms, the molecules be-
gin entering the junctional folds, which impedes their move-
ment along the x direction and causes the deviation from
linearity in Fig. 4�a�.

�ii� At long times �t� �5 ms�, the simulation results
again follow a line with a slope of 1, but with a smaller y
intercept. In this time scale regime, normal diffusion occurs
but with the lower diffusion constant D=0.12 �m2 /ms,
which corresponds to an effective tortuosity �=2.2. To elu-
cidate this result, it is noted that most of the molecules are
located within the junctional folds, and very few are in the
spaces between folds �see Fig. 3�—i.e., the molecules are
trapped in junctional folds, and diffusion occurs by hopping
between adjacent junctional folds. The waiting time distribu-
tion for molecules to hop between adjacent junctional folds
is determined by releasing molecules within a junctional fold
�see Fig. 1�a��, and then considering a molecule to be “es-
caped” when it has passed through one of two planes mid-
way between the junctional fold of origin and the adjacent
junctional folds. Figure 5�a� shows the fraction of the mol-
ecules remaining in the junctional fold of origin, as a func-
tion of time: While there is a wide distribution of escape
times, the average escape time is 0.7 ms, and virtually all
molecules have escaped by �5 ms. Thus, for time scales
greater than �5 ms, the molecule undergoes normal diffu-
sion by a one dimensional random walk between junctional
folds. Taking the average step size L=0.45 �m �the average
distance between adjacent junctional folds�, and the average
waiting time �=0.7 ms �the average escape time�, the diffu-
sivity is estimated from the random walk model as D
=L2 /2�=0.14 �m2 /ms. This estimate compares well with
the simulation result described above.

�iii� For intermediate times ��0.05 ms� t� �5 ms�, the

mean-squared displacements do not scale linearly with time,
and instead �x2�=2Dt�, where ��0.7. Thus, anomalous dif-
fusion occurs in this time scale regime. The reason for the
anomalous diffusion is evident from Fig. 5�b�: The average
escape time from a junctional fold is only a well-defined
value for observation times greater than �5 ms, and so the
random walk of molecules between junctional folds �de-
scribed above� does not have a well-defined value of the
waiting time between steps for times less than 5 ms.

The results appear to be converged with respect to the
magnitude of the time step used in the simulation, as shown
in Fig. 4�b�—i.e., the results are indistinguishable when the
simulations are carried out with a time step that is smaller by
a factor of 10.

B. Effects of position of molecule release site

In Fig. 4�b�, the mean-squared displacements are com-
pared for molecules released from different sites �near the

FIG. 3. �Color online� Snapshot of the system after the time t
=33 ms. The different colors represent molecules that would be in
different primitive cells of the extended periodic system �Fig. 2�a��,
as follows. White: n=0; red: n= 	1; green: n= 	2; blue: n= 	3;
purple: n= 	4; yellow: n= 	5; where n is the number of primitive
cells away from the home cell. Note that the sizes of the molecules
are arbitrary, and the less numerous types �e.g., n= 	3; n= 	4� are
shown larger for emphasis. This image was created with DREAMM

version 3 �28,29�.
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FIG. 4. �Color online� Results for mean-squared displacement as
a function of time. �a� Molecules released near nerve membrane.
�b� Comparison of results for molecules released within junctional
fold �open squares� with molecules released near the nerve mem-
brane �filled circles�; the crosses represent values obtained with the
smaller time step �t=1.67�10−5 ms. The dashed blue �upper� line
describes normal diffusion �i.e., slope of 1� with a diffusivity D
=D0, the dashed pink �lower� line represents normal diffusion with
diffusivity D=0.12 �m2 /ms, and the dashed green line �with dif-
ferent slope� represents anomalous diffusion with an exponent
�=0.7.
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nerve membrane and inside a junctional fold�. At long times
�t� �5 ms�, the results from the two release sites are very
similar. However, for shorter times �t� �5 ms�, the results
depend strongly on the position of the release site. In this
time scale regime, the scaling of �x2� is generally not linear
with t, implying that the diffusion is generally anomalous.
Also, the magnitude of the apparent diffusivity Dapp�t�
= �x2� / �2t� depends on the release site; e.g., at t=0.1 ms, the
apparent diffusivity for the two sets of results differs by al-
most a factor of 3.

C. Effects of width of the synaptic cleft

Simulations are carried out with the position of the nerve
membrane shifted away from the muscle membrane by the
amount 
s; simulations are carried out with 
s�0 and 
s
�0, corresponding to increases and decreases of the width of
the synaptic cleft. These simulations are run with the mol-
ecules released from within a junctional fold, and the results
for the mean-squared displacements are shown in Fig. 6. For
times t� �0.05 ms, the results are independent of the value
of 
s, because molecules have not exited the junctional fold
in this time and thus are not affected by the position of the
nerve membrane. At intermediate times the diffusion is
anomalous and strongly dependent on 
s, and at long times
normal diffusion occurs with a diffusivity that depends on
the magnitude of 
s �except for the smallest nerve-muscle
separation examined, which is addressed in more detail be-
low�.

The diffusivity in the long-time limit is strongly affected
by the width of the synaptic cleft. For 
s=1 �m, the long-
time diffusivity is very close to D0 ��=1.07�, because most
molecules are located outside of the junctional folds, and
thus move through open space without impedance from the
junctional folds. As the separation becomes small, most mol-
ecules are trapped within the junctional folds, and diffusion
occurs as a random walk between adjacent junctional folds.
As 
s decreases, it is more difficult for a molecule to escape
from a junctional fold, because the escape route is a narrow
slit that gets even narrower as 
s decreases. Thus, as 
s
decreases, the average waiting time � for steps between ad-
jacent junctional folds increases, which makes the diffusivity
D=L2 / �2�� smaller. For this reason the effective tortuosity in
the long-time limit, shown in Fig. 7, increases strongly with
decreasing separation.

Before the normal diffusion regime is reached, the diffu-
sion is anomalous. The transition to normal diffusion is
shifted to longer times as the synaptic cleft becomes nar-
rower. This shift is understood in terms of the picture of
diffusion as a random walk between adjacent junctional
folds: as 
s decreases, the waiting time distribution for steps
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becomes broader �as described above�, and the diffusion is
anomalous when the observation time is smaller than the
breadth of the waiting time distribution �such that an average
waiting time is not well defined�.

The simulation with 
s=−0.03 �m did not reach the nor-
mal diffusion regime within a 3.3 s simulation �20 000 000
time steps�. The mean-squared displacement results for this
system shows plateaus that are evidence of a hierarchy of
traps that hinder diffusion on different length and time
scales. On time scales of �0.001 ms �plateau A�, the mol-
ecules are trapped within a pocket of the junctional fold, with
length scale �0.02 �m �length scale given by �x2�1/2�. On
time scales of �1–10 ms �plateau B�, the molecules are
trapped within the junctional folds, with length scale
�0.2 �m �note this is greater than the width of the junc-
tional fold, due to the slanted orientation of the folds�. On
time scales of �1000 ms �plateau C�, the molecules are
trapped with a length scale of �2 �m. The origin of this trap
is as follows: The nerve membrane and top of the muscle
membrane are bumpy rather than flat, and as 
s decreases
the two surfaces come in contact at some points but not at
others; the points of contact are shown in blu �darker� e in
Fig. 8. The passage of molecules is blocked when there is
contact of the nerve and muscle membranes, and for 
s�
−0.0307 �m there is complete blockage between two adja-
cent junctional folds; at this point diffusion throughout the
extended periodic system �Fig. 2�a�� is not possible. At 
s
=−0.03 �m, the blockage is incomplete and there is a small
opening that allows passage between the adjacent junctional
folds, but this region acts to trap molecules until their ran-
dom motion brings them through the opening. The length
scale of this trap ��2 �m� represents the distance between
this trap and its periodic images in the extended periodic
system. In this time scale regime ��1000 ms�, diffusion oc-
curs as a random walk with L�2 �m and a waiting time �
corresponding to the average time for a molecule to escape
through this small opening.

IV. DISCUSSION AND CONCLUSIONS

Simulations are carried out to address how the confining
environment of the neuromuscular junction affects molecular

diffusion. By using a realistic model for the neuromuscular
junction, and a Monte Carlo method to treat molecules as
distinct particles moving in space, the nature of the diffusion
is determined in a way that is nonempirical and independent
of assumptions. Diffusion in the neuromuscular junction is
shown to be anomalous for time scales less than �1–10 ms
�depending on the value of D0, as discussed below�. This
result is significant because this is the physiologically rel-
evant time scale for many processes in the neuromuscular
junction. Therefore, to accurately model these processes in
the neuromuscular junction, methods that treat the molecules
at a particle level rather than a continuum level are neces-
sary.

While the results are shown here for molecules with D0
=0.6 �m2 /ms, the behavior of molecules with other values
of D0 can be derived as follows. The value of D0 enters the
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FIG. 7. Effective tortuosity in the long-time limit, as the sepa-
ration between the nerve membrane and the muscle membrane is
shifted by 
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FIG. 8. �Color online� View of neuromuscular junction from
above the nerve membrane, as the separation between the nerve
membrane and the muscle membrane is shifted by 
s. The blue
�darker� color represents points where the two membranes overlap,
such that the space between the membranes is pinched off. �a� 
s
=0, �b� 
s=−0.02 �m, �c� 
s=−0.025 �m, �d� 
s=−0.03 �m, and
�e� 
s=−0.0307 �m. These images were created with DREAMM ver-
sion 3 �28,29�.
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simulation in that the Monte Carlo step sizes are chosen ran-
domly from a Gaussian distribution with variance 2D0�t.
Since it is the product D0�t that is relevant, changing D0 by
the factor f while changing �t by a factor 1 / f would give
identical results. For example, the mean-squared displace-
ments for molecules with D0=0.3 �m2 /ms would differ
from those for molecules with D0=0.6 �m2 /ms only in that
the time scale is larger by a factor of 2; e.g., for molecules
with D0=0.3 �m2 /ms, diffusion is anomalous for timescales
less than �10 ms.

We point out that the present investigation does not at-
tempt to realistically address the spatiotemporal distributions
of molecules in the neuromuscular junction. This investiga-
tion focuses on the geometric factors that affect diffusion in
the neuromuscular junction, but other factors will also affect
the spatiotemporal molecular distributions within the junc-
tion. First, interactions with the extracellular matrix will fur-
ther slow diffusion, as described above; previous work sug-
gests that for acetylcholine, a smaller D0=0.3 �m2 /ms
would account for these effects �32�, and the present results
can be considered in terms of this value of D0 as described in
the paragraph above. Second, acetylcholine molecules bind
reversibly to receptor sites, which thus act as traps that also
hinder diffusion; depending on the concentrations of receptor
sites and their effective trapping times, this effect could
dominate the geometric effects described here. Third, chemi-
cal reactions will significantly alter the spatiotemporal mo-
lecular distributions; most importantly, acetylcholine is bro-
ken down by acetylcholine esterase. Note that while these
latter two effects are important for acetylcholine, they are not

as important for other species that diffuse in the neuromus-
cular junction, such as choline and potassium and sodium
ions.

Changes in the width of the synaptic cleft alter the diffu-
sion in the neuromuscular junction. In particular, decreasing
the width causes a sharp increase in the tortuosity, while
increasing the width causes a decrease in tortuosity that is
much more gradual �Fig. 7�. These changes are similar to
those found in experiments of diffusion in the brain extracel-
lular space, where the tortuosity increases with decreasing
volume of extracellular space, but changes little with increas-
ing volume of extracellular space �33�. This similarity sug-
gests that physical origins of the tortuosity are similar in the
two cases �trapping in dead-end spaces�; simulations on
simple model geometries with dead-end spaces have also
shown this effect �13�. Recent work suggests that the natural
width of a synaptic cleft represents an optimum that balances
two competing effects: a narrower cleft allows a higher con-
centration of neurotransmitter in the synapse, but increases
the electrical resistance �34�. The results shown here suggest
that the influence of the width on diffusion could also play a
key role in the determination of the optimum synaptic cleft
width.
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